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Introduction

• Research experience

• Hydroelectric utilities need models for:

– Short-term hydro scheduling in pool-based electricity markets

– Strategic bidding

• The operational margin of generation companies can be 
significantly lower than expected under certain realizations of 
market uncertainty.

• How to incorporate risk aversion into the short term decisions?

• We propose to include the CVaR (and GCVaR) as a hedging strategy:

– Minimum CVaR constraints;   CVaR in the objective function
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Introduction: background
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Hierarchy of hydro models

• The daily problem in the context of a temporal hierarchy

Mid-long term problem

1week 2week

Weekly problem

1day 2day 3day 4day 5day 6day 7day

...

...
...
...

Water value

Daily
problem

Optimal scheduling
24 supply functions

Pereira et al.
Fleten et. al
Nabona et al.
García-González et al.
…

Nürnberg & Römisch, 02
Nowak & Römisch, 00
…

Feltenmark & Lindberg, 97
Conejo et al., 02
Pritchard, 04
García-González et al., 07
…

Target reservoirs’ levels
Water value curves
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Mathematical formulation (1)

• Water balance:

• Water rights:

• Input-output characteristic curve modeling

• Water value

• Non-decreasing curves constraints (for the strategic bidding problem)

• Risk-management constraints
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Risk neutral objective function

• The risk neutral objective function is:

where           is the probability and      is the profit in scenario n:

expected profit
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Input-output characteristic curve: head dependency 

• We have followed several approaches in order to consider the effect 
of the net head of hydro electric plants:

• To consider a fix head

• Meshing and triangulation 
of the surface using MILP

• To consider a family of 
input-output curves with 
binary variables

• Under-relaxed procedure

• Quadratic Programming 
approach 
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Water value (1/2)

• The expected future-profit depends on the level of the reservoirs at the 
end of day:

Final storage [hm3]

Expected
future-profit

[€]

futB

fv
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Water value (2/2): several alternatives

• Fixed target levels at the end of the day

pros: easy to understand by practitioners

cons: it loses the opportunity of selling more (less) generation in 
case market prices are high (low)

• Individual water value curves for each reservoir (PMAPS-06)

• Expected future-profit curve depending on the total energy storage 
in the river basin at the end of the day (IEEE-PES GM-07)
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Non-decreasing curves constraints

• The heuristic procedure presented in PMAPS-06 to build the bid 
curves is substituted by a set of constraints in order to ensure the 
monotonicity of the supply functions.

• Price taker: no product of variables as in the oligopolistic approach

• Portfolio allowed?

– YES

– NO

{ }, , , , , ( , ) ,n i k nkn i k n k
i i

g g n n kπ π′ ′′≥ ∀ ≥ ∀∑ ∑

{ }, , , , , ( , ) , ,n i k nkn i k n kg g n n k iπ π′ ′′≥ ∀ ≥ ∀ ∀
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Risk measures 

• A risk measure is a mapping from the random variables 
representing risks (profits or losses) to the real line that provides a 
simple number that quantifies the risk exposure and can be used to 
compare different investment alternatives, financial positions, etc.

• Among others, convex and coherent risk measures are becoming a 
powerful tool in financial risk management due to their axiomatic 
foundation and their favorable computational properties.

• Let assume that the risk can be quantified on the basis of a random 
variable                  defined on the probability space      .

• For a given scenario,             the realization of the random variable 
is            that can represent for instance the profit from selling 
hydroelectric power in the spot market.

• A risk measure can be defined as a mapping 

:X Ω Ω F( , , )P

n ∈ Ω
( )X n

: Xρ
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Coherent risk measures (Lüthi & Doege, 2005)

• is a “convex risk measure” if it satisfies:

• If it satisfies also the following, it is called “coherent risk measure”

• We will restrict our attention to the CVaR and the GCVaR. 
Assuming that                                         :

: Xρ
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Risk management constraints: CVaR

• CVaR (Conditional Value at Risk) was firstly introduced in the financial 
sector by Rockafellar and Uryasev in 1999. It has been applied 
subsequently to energy markets (Unger, 02), (Cabero et. al, 05), etc.

• Normally, it is expressed in terms of losses. In this case, it is expressed in 
terms of profits (it is maximized)

• Assuming that   represents the VaR (Value at Risk), then CVaR can be 
defined as: ( ) ( )|CVaR B B Bδ ζ= Ε <
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Risk management constraints: CVaR
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Risk averse objective function

• The risk averse objective function can be expressed as:

( )
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n n
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∈Ω

⎛ ⎞⋅ + − ⋅⎜ ⎟
⎝ ⎠
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GCVaR

• Parameter L can be used to control the risk tolerance while 
maintaining a simplified linear computation:

• Therefore, GCVaR encompasses CVaR, although it can be used to 
penalize small profits in the tail of the distribution function.
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Prices scenarios

• We have used the Input-Output Hidden Markov Model (IOHMM) to 
generate price scenarios (n=250)

details
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Example case

r4

u7

r2

u1

u4

u3

r6

r7

u6

r1

r5

r3

u5

u2

reservoir

lateral inflow

hydropower unit

run-of river unit

• The model has been tested with a fictitious but realistic case.

 v  v  ov  fv  p  q  w
 

c  

 [Hm3] [MW] [m3/s] [€] 

u1 - - - - 12 10 5 
30 

u2 85 20 45 45 56 45 1 
125 

u3 - - - - 30 38 - 
75 

u4 - - - - 24 36 - 
67.5 

u5 213 80 123.5 122 58 110 - 
145 

u6 20 13 16.4 16.7 120 124 - 
350 

u7 - - - - 31 120 - 
85 

r1 40 15 25 25 - 9 - - 

r2 15 3 12 12 - 11 - - 

r3 23 6 19.4 19.1 - 31 - - 

r4 0.49 0.11 0.3 0.3 - 35 1 - 

r5 1.5 0.6 1.38 1.3 - 48 - - 

r6 1.3 0.1 0.72 0.67 - 56.5 1 - 

r7 12.55 7.1 10 9.79 - 120 12 - 
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Scheduling
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Strategic bidding

Parameter 

α  
VaR [€] CVaR [€] 

Expected 

Profit [€] 

1 547700 543970 555250 

0.5 548090 544310 555170 

0 548140 544530 547780 

 

( )

Maximize: (1 )

B

n n
n

prob B CVaRα α
∈Ω

⎛ ⎞
⋅ + − ⋅⎜ ⎟

⎝ ⎠
∑
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Obtained curves (alpha=1; alpha=0.5)  h1-h8
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Profit histograms (day + future)
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• For each price scenario, a different scheduling is obtained:
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Effect of the number of scenarios?

• The model was run taking 70 random price scenarios from the 
available 250.
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GCVaR study
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Conclusions

• We have presented an optimization model to help a price taker 
hydro-generation company in day-ahead market to:

– Find the optimal scheduling when fixing the final target levels.

– To build the generation bids of its hydroelectric units when water 
value curves a available.

• We have fixed previous drawbacks.

• The CVaR and GCVaR constraint has proven to be an effective 
risk-aversion criterion as shown in the example case presented in 
the paper.

• Future developments: the case of a price-maker.
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Annexes

• Fixed head Input-Output curve

• Meshing and triangulation of the surface using MILP

• Family of input-output curves with binary variables

• Under-relaxed iterative procedure

• Quadratic Programming approach

• IOHMM
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Fixed head Input-Output curve
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Meshing and triangulation of the surface using MILP
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Family of input-output curves with binary variables
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Under-relaxed iterative procedure

)( iii vh ρ=

( )1
ik i ikh vυ ρ+ =

YES: 
final optimal schedule

electricity prices model

profit-based hydro scheduling problem
(PBS)

simplified profit-based
hydro scheduling problem

(SPBS) 

NO:
update net-heads

initial net-heads

24-hour
prices scenarios

convergence? 0.0%
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( ) ( )1 1
ik i ik i ik ik ikh v v v vυ υ υ υρ ρ α+ + ⎡ ⎤= = + ⋅ −⎣ ⎦

return
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Quadratic Programming approach

• The characteristic surface can be approximated by a quadratic 
polynomial:

• CPLEX is an efficient solver for quadratic programming problems

• Needs to be positive semi-definite

• We sample the original curve and find the minimum squared error 
approximation by solving:

1 2 4 5 6
2 2

3= ⋅ + ⋅ + ⋅ + ⋅ + ⋅ +g v q vc c cq v qc c c

2 2
11 1 1 1
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• It is assumed that the market evolves along the time according to 
discrete market states which are defined by the interaction among:

– System demand

– Available generation

– Strategies of market participants

• For each state, a different relationship is established between these 
variables and  the price:

• At each temporal stage, these variables also condition the probability  
of each state.

Price scenarios: IOHMM 

State Si

demand

Available gen.

strategies

price

if

The pdf conditioned to the set
of explanatory variables
is different for each state

( | )=t i tP s S u States probability conditioned
to a set of explanatory variables return
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1 2

3

IOHMM

1 1 2( | , )−= =t t tP s S s S u
1 1 1( | , )−= =t t tP s S s S u

1, 1( | , )=t t t tf o u s S
2, 2( | , )=t t t tf o u s S

3, 3( | , )=t t t tf o u s S

2 1 2( | , )−= =t t tP s S s S u

3 1 3( | , )−= =t t tP s S s S u

3 1 2( | , )−= =t t tP s S s S u1 1 3( | , )−= =t t tP s S s S u

2 1 1( | , )−= =t t tP s S s S u

3 1 1( | , )−= =t t tP s S s S u
2 1 3( | , )−= =t t tP s S s S u

• Two interconnected process: Markov chain and probability density functions.

return
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IOHMM scenarios generation (tree)

1,0
1Ty +

2,0
1Ty +

0
1
1

TS
Ty

+
+

1
1Tp +

2
1Tp +

1
1

TS
Tp +
+

1,1
2Ty +

2,1
2Ty +

1
2
2

TS
Ty

+
+

1,1
2Tp +

2,1
2Tp +

1,1
2
2

TS
Tp +
+

T+1 T+2 T+h

1,2
2Ty +

2,2
2Ty +

2
2
2

TS
Ty

+
+

2,1
2Tp +

2,2
2Tp +

2
2
2

TS
Tp +
+

1,2
2Ty +

2,2
2Ty +

2
2
2

TS
Ty

+
+

2,1
2Tp +

2,2
2Tp +

2
2
2

TS
Tp +
+

EVALUACION  
IOHMM

2
ext
T
u

+

EVALUACION  
IOHMM

2
ext
T
u +

EVALUACION  
IOHMM

2
ext
T
u +

1
ext
T
u +

EVALUACION  
IOHMM

1,0
1Ty +

2,0
1Ty +

0
1
1

TS
Ty

+
+

1
1Tp +

2
1Tp +

1
1

TS
Tp +
+

1,1
2Ty +

2,1
2Ty +

1
2
2

TS
Ty

+
+

1,1
2Tp +

2,1
2Tp +

1,1
2
2

TS
Tp +
+

T+1 T+2 T+h

1,2
2Ty +

2,2
2Ty +

2
2
2

TS
Ty

+
+

2,1
2Tp +

2,2
2Tp +

2
2
2

TS
Tp +
+

1,2
2Ty +

2,2
2Ty +

2
2
2

TS
Ty

+
+

2,1
2Tp +

2,2
2Tp +

2
2
2

TS
T

p

+
+

EVALUACION  
IOHMM

2
ext
T
u + EVALUACION  

IOHMM
2

ext
T
u +

EVALUACION  
IOHMM

2
ext
T
u +

EVALUACION  
IOHMM

2
ext

T

u + EVALUACION  
IOHMM

2
ext
T
u +

1
ext
T
u +

EVALUACION  
IOHMM

return



- 41

Example

3.71024.00884.28973.5698 3.88014.17264.45063.8684 4.04974.41224.65534.16683.5524 3.8454.12584.40673.8038 4.02614.37694.6294.1024 4.19024.48864.82154.38923.8961 3.9624.24294.51724.0088 4.14334.45354.74684.314 4.34824.63465.03864.68174.2373.2429 3.83334.12584.40673.7921 3.95624.30854.61734.0907 4.19024.48864.82164.38913.9209 3.96754.24294.51764.0205 4.15494.46524.76924.3306 4.34824.63455.03864.6824.2706 4.07314.38884.67584.2243 4.29544.61034.93624.5647 4.4714.79285.31944.97444.62323.80392.6046
3.77484.06734.34823.6734 3.95034.23124.50623.9737 4.13164.45354.74884.31893.7163 3.90354.18434.45863.8977 4.06854.40074.68184.196 4.28394.58814.9354.54114.0614 3.97934.35364.60564.0907 4.21354.5124.84494.4227 4.3954.68755.14964.76354.37353.4978 3.85674.14924.43013.8155 3.99124.33494.6294.1141 4.20184.50034.83334.41263.9608 3.95624.33034.58224.0439 4.19024.48864.82164.389 4.35994.64385.05034.69944.3072 4.08484.40934.69974.2633 4.29574.60634.96494.5793 4.50624.79855.34284.9844.66053.8567 3.93864.21944.49453.95 4.04994.39424.71954.2423 4.28374.59564.94184.54644.1726 4.02634.45854.65244.1721 4.27214.58674.90994.5178 4.45964.75115.24374.88754.528 4.20184.50034.83314.4243 4.3954.68755.17314.7665 4.6294.92755.64715.27794.96264.21553.1252
3.8454.13754.41843.8154 4.0034.34224.6294.1141 4.20184.50034.83334.41253.9359 3.9914.26634.54114.0556 4.20214.50034.8334.4007 4.37114.66325.07294.71134.3186 4.08474.40074.68764.2485 4.29564.60614.96484.5783 4.50614.81035.34284.98584.64663.8385 3.9624.24294.51793.9971 4.15484.46524.76874.3424 4.33654.62315.03284.65364.2663 4.05864.37714.66414.1902 4.28344.59954.94514.5528 4.47124.76515.27934.91584.5815 4.26034.54714.88654.5178 4.45924.7545.24924.8982 4.71535.09835.81295.42395.11474.37753.5698

2.3705

3.72194.02054.30143.5919 3.89184.18434.46233.8918 4.05684.3814.70514.23693.5932 3.85674.13754.41843.8155 3.98524.34224.6294.1141 4.20184.50034.83324.41263.9326 3.96754.24294.51764.0205 4.15494.46524.76924.3306 4.34824.63455.03864.68234.27213.3006 3.79824.09074.37163.7218 3.97374.25464.5294.0205 4.13164.45354.74854.31893.8036 3.92694.20774.48283.95 4.08474.40944.69954.2423 4.28364.58964.93934.54644.1433 3.99144.34664.64074.1516 4.2494.58774.88654.4944 4.43014.72835.20794.83974.48253.6285 3.89154.17214.45283.8741 4.01474.33074.69084.1726 4.23754.57594.87484.47694.0556 3.97964.35014.61734.1141 4.22524.52374.85144.4461 4.40674.70495.14994.79884.4184 4.16694.46524.76984.354 4.34824.63485.04464.6717 4.56464.87485.5015.13224.82224.04982.8094
3.79824.09074.37163.7218 3.97374.24884.58224.0205 4.13164.45354.74864.31893.7893 3.92694.20774.48283.95 4.08474.40944.69954.2423 4.28364.58964.93924.54644.1443 4.01474.37064.64074.1513 4.2494.58774.88654.4944 4.43014.72835.20794.83974.4833.6271 3.88014.17264.45063.8624 4.02644.38374.65854.1609 4.23694.55014.86314.46524.038 3.97964.35244.60564.0907 4.21354.5124.84494.4227 4.3954.68755.14964.76354.3773 4.13144.44184.73454.3072 4.33064.62515.02084.634 4.55224.82725.44235.0624.74463.9759 3.9624.24294.51793.9971 4.14334.45354.74674.3073 4.34234.63685.04424.65834.2545 4.06164.37724.66424.2018 4.29554.61024.93624.5643 4.45934.75175.24924.89974.5659 4.26034.54714.88654.5181 4.45354.75035.24344.882 4.68865.07375.79355.40655.09134.35113.3395
3.86844.16094.44183.8453 4.04954.40034.65244.1492 4.24864.58794.88654.49443.9988 3.9914.26634.54114.0556 4.19024.48864.82164.3891 4.35994.64385.05034.69954.3148 4.11984.43014.72244.2926 4.3164.61424.98594.6202 4.52944.83315.40035.04254.71693.9434 3.95034.23124.50623.9737 4.11964.43014.72254.2721 4.33654.62315.02164.64564.2311 4.02634.38734.65244.1667 4.28374.59564.93914.5509 4.42844.74015.24294.87694.5411 4.23694.52374.85144.4714 4.43014.72855.18124.8335 4.69345.05035.7295.34485.04514.3131 3.97964.35124.6294.1024 4.21354.5124.83974.4344 4.40674.7055.14394.78714.4244 4.15494.45354.74674.3309 4.35994.64635.05034.693 4.55014.85925.47765.10884.7983 4.34824.63485.03864.6932 4.57624.87485.48865.1205 4.80465.26666.255.76975.41914.66983.7601

2.7386

3.78654.0794.35993.6985 3.9624.24294.51793.9971 4.16674.47694.78064.35393.7615 3.91524.1964.47113.9327 4.06144.39374.68864.2312 4.28374.59394.93924.55314.1201 4.00314.32884.64074.1375 4.23694.57594.87484.471 4.41844.71685.16924.81634.45893.5664 3.86844.16094.44183.8447 4.01464.36114.64074.137 4.21354.5124.83974.44114.0029 3.97964.35234.60564.0907 4.21354.5124.84494.4227 4.3954.68755.14974.76364.3657 4.11984.43014.72234.2867 4.38914.87484.6085 4.52034.83375.37785.01914.69923.9284 3.95034.23124.50623.9737 4.11964.43014.72254.2721 4.33654.62315.02164.64564.2311 4.05864.37714.66414.1901 4.28334.59964.9454.5526 4.43554.74035.24364.87654.5414 4.23694.52374.85144.4714 4.43014.72855.18124.8334 4.71665.0625.75615.37565.04754.3072
3.2424

3.86844.16094.44183.857 4.04984.3894.67024.1609 4.26024.57624.89824.5064.0146 3.97964.35374.60564.0907 4.21354.5124.84494.4227 4.3954.68755.14964.76364.3657 4.13164.44184.73424.2955 4.3164.61444.99574.623 4.52954.83385.39235.05034.73113.9757 3.95034.23124.50623.9737 4.11964.43014.72254.2721 4.33654.62315.02164.64564.2311 4.01484.34824.64074.1551 4.2724.57424.9234.5344 4.43564.73935.22054.86674.5232 4.23694.52374.85144.471 4.43014.72845.2084.84 4.71665.0625.75615.37715.05624.3072 4.0384.40044.64074.1375 4.2494.58774.88654.4944 4.42424.73685.1854.8284.4886 4.19014.48864.79384.3892 4.37124.66325.08464.7277 4.59334.91575.58625.20224.8982 4.33654.62515.03254.6702 4.68165.03865.70565.3275 5.02696.60045.83845.47744.7343
3.8743

3.1398

3.4063

3.77484.06734.34823.6806 3.95034.29534.55883.9854 4.15494.46524.76914.33043.7273 3.90324.18384.46453.9152 4.04974.38224.67694.2077 4.28374.59444.93924.55294.0847 3.97944.3424.6294.1258 4.22524.52374.85144.4578 4.41844.73195.16154.81044.42373.5203 3.8454.13754.41843.8096 3.98714.35394.61734.1019 4.20194.50034.83314.4063.9517 3.95624.33034.58224.0439 4.19014.48864.79394.3776 4.35994.64655.05034.68854.2939 4.08484.40054.68764.2488 4.29544.59744.9584.5761 4.50614.80455.34284.99184.64663.845
3.92694.20774.4823.9269 4.06154.37744.7234.2247 4.2724.57624.9234.53544.1492 4.01474.37364.64074.1492 4.26034.57414.89824.506 4.43014.72835.20794.83974.4824 4.19014.48864.79384.3892 4.37124.66325.08464.7277 4.59324.91575.58625.20214.89824.1697

3.096

3.85674.14924.43013.8272 4.00314.36554.64074.1258 4.21354.5124.84494.42433.9678 3.95624.3224.60564.079 4.20184.50034.83334.411 4.38334.67585.12624.75194.3506 4.09384.42124.71134.272 4.3164.61424.98594.6105 4.52944.82985.40145.03834.68753.921
3.95034.23124.50623.9737 4.11964.43014.72254.2722 4.33654.6235.02154.64664.2194 4.06134.38634.67644.2135 4.28374.59464.94224.543 4.4714.76355.27264.92134.5879 4.21364.5124.83974.4477 4.40674.71645.14394.7866 4.64024.96745.68145.3085.01524.2897
4.01454.37694.61734.0907 4.21364.5124.84494.4227 4.3954.65855.14994.77534.4121 4.14294.44754.76424.319 4.34824.61165.05034.6813 4.52964.8655.46585.08544.7764 4.30434.59694.96244.5998 4.56464.87485.47985.1144 4.79285.25476.22675.74675.39554.6511

3.7279

2.8913

3.80994.10244.38333.7452 3.98544.28464.59394.0439 4.15484.46524.76854.34243.839 3.95034.23124.50623.9851 4.11984.43014.72254.2774 4.29584.60634.96544.58154.1966 4.05824.37734.66414.1901 4.28334.59964.9454.5526 4.43594.74015.24354.87634.54163.689 3.89154.17214.45283.8741 4.01474.33074.69084.1726 4.23754.57594.87484.47694.0555 3.98664.34224.6294.1258 4.22524.52374.85144.4578 4.41844.73195.16154.81044.4238 4.14324.44754.76364.3193 4.34824.61165.05034.6812 4.52964.8655.46585.08544.77164.0205 3.9624.26064.57054.0088 4.16674.47694.78074.3541 4.34824.63685.04424.66554.278 4.06134.38634.67644.2135 4.28374.59464.94224.543 4.47094.76355.27264.92134.588 4.27214.59954.90994.5411 4.45924.76725.29094.9141 4.72855.115.88335.46155.13694.3921
3.4354

3.87984.16044.44113.8624 4.04974.40044.65244.1492 4.22524.52374.85144.45354.0029 3.97964.35374.60564.0907 4.21354.5124.84494.4227 4.3954.68755.14964.76364.3656 4.11984.43014.72244.2926 4.3164.61424.98594.6202 4.52944.83315.40035.04254.7173.9679 3.9624.24294.51793.9971 4.14334.45354.74674.3073 4.34234.63685.04424.65834.2546 4.07314.38884.67594.2252 4.28374.59964.9444.5548 4.48264.78115.30394.93334.5965 4.2374.52374.85144.4769 4.42424.73375.17344.8221 4.70535.08725.77815.39545.07374.342 3.97964.35124.6294.1024 4.23694.57594.87484.4708 4.40674.69345.15654.79884.4361 4.16694.46524.76984.354 4.34824.63485.04464.6717 4.56464.87485.5015.13224.8216 4.34824.63695.04444.6758 4.57614.87485.5015.1204 4.82195.24336.31415.84015.43654.7133
3.8128

3.92664.20724.48793.9443 4.08474.40944.69954.2429 4.28374.59144.93934.54714.1492 4.04954.40024.65244.1664 4.28374.59394.94224.5409 4.43064.72855.20864.85144.5063 4.20214.50034.83314.4128 4.3954.68755.14964.7631 4.61134.93325.60035.23844.93334.213 4.0034.36534.60564.0673 4.20224.50034.8334.3993 4.38294.67495.09634.74034.3716 4.13144.44184.73454.3072 4.33064.62515.02084.634 4.55224.82725.44235.0624.7402 4.31314.59984.98624.6173 4.51754.8335.38975.0318 4.84535.20836.07985.64125.30674.5754 4.06154.38474.70514.2135 4.28374.59494.9424.5432 4.45944.78115.2964.95044.6348 4.2724.5874.90994.5295 4.45934.7545.24924.8982 4.68185.08535.82165.42535.1125 4.41244.69925.16154.8103 4.60554.94165.6185.2306 5.10196.487.82376.08915.78755.0344
4.2107

3.4178

3.9453

4.1541

3.5509 2.8744 3.9159 4.2448 4.3168 4.1101 4.152
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IOHMM scenarios generation (simulation)
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